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Section 1: Model Structures

1. Model Structures

> NARX model structure :
R; : IF y(k) is A;y AND...AND y(k —ny, + 1) is Asp,
AND u(k) is B;jy AND...AND u(k —ny + 1) is Bin,,,
THEN y(k + 1) is C;

> Linguistic Model

> Takagi-Sugeno Model
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1.1. Linguistic Model
> Linguistic Model :
R; : IFxis A;, THEN y is B;, i=12,...,ng (1)

where x is the antecedent variable and y the consequent variable
and fuzzy restriction pa,(x): X1 X -+ x X, — [0,1]

> conjunctive form :
Ri : IF Ty is Ail AND xTo is Ai2 ...AND Ty is Air7
THEN y is B;

> Degree of fullfillment :
ﬂl(x) = A, (xl) N A, (1’2) N Apa,, (‘TT) (3)
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1.2. Fuzzy System as Basis Function Approximator
Singleton model :
R; : 1IF xis A;, THEN y is b;, 1=1,2,... ,np (4)
Normalised degree of fullfillment :
Bi(x)

¢l(x) = nR
’;::1 Br(x)

)

..showing that a fuzzy system is a basis function approximator :

y=> ¢i(x)-b; (5)
i=1
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1.3. Takagi-Sugeno Model
> Takagi-Sugeno Model :
R, : IFxis A4;, THEN y; = f;(x), i=1,2,... ,ng (6)

> Conjunctive form :
Ri : IF T1 is Ail AND ZTo is Aig ...AND Tr is Ai7'7
THEN y; = fi(x) .

> Affine linear TS model :
yi = a;?Fx +b; (8)
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1.4. Identification of Antecedent Fuzzy Sets
Linguistic Model :

R, : 1IF xis A;, THEN ... 1=1,2,... ,ng
r-dimensional fuzzy set A; defined by the ith row in U :

V0g) paxg) = max {uig €U xp =%} (9)

=1,...,

where
u;; € U, 1=1,2,...,c, i=12...,d.
The regressor vector (antecedent variables) is denoted
Xi[xl,...,a:k,...,:cr]T, k=1,2,...,r
Vectors of sampled values for antecedent variables x1,... , ., my; €

M and M is a (r + 1) X d matrix :

in[mlj,...7mkj,...,m7«j]T- (10)
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Conjunctive form :

Ri : IF T is Ail AND ... AND Tk is Aik AND ...
AND z, is A;-, THEN ...

For all (4,4, k)

pa, (ki) = max {wr € U my; = myjr,
mk/jle
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1.5. Consequent Parameter Identification

Inference in the Takagi-Sugeno model:
nRr
> Bi(x) - (alx+b;)
i=1
= e
> Bi(x)
i=1

Normalised degree of fullfillment :

pi(x) = )

> Br(x)
k=1

Quasilinear model :

(G ) o
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2. Examples: TS-Modelling and Identification

Suppose that we have the following three rules (implications) :
Ry : IF x is &AND zo is A THEN y = 21 +
Ry : 1IF z;is ‘4 THEN y = 21,

Rs: IF 2y 1is Z THEN y = 3z, .
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The output for the conjunctive T'S model structure is given by

nR

Z (/’[/A'il (1‘1) N AN A, (xT)) “Yi

y=" (15)

nRr

(Ban (@) A=A pag, ()

1=

—

Example: We are given 1 = 12, x5 = 5, then
~025-17+0.2-24 +0.375- 15
B 0.25 4 0.2 + 0.375

~ 17.8
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2.1. Example: Consequent Parameter Estimation
Suppose that we have the following two implications (rules):

R1 : IF x is Alla THEN Yy = 2+ 0.6x
Ry : IFxis Ay;, THEN y =9+ 0.2z .

-2.5 0 2.5 5 7.5 10 12.5
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The output y for the input z is obtained from (15),

15

ng
S (ran (@) A Apa,, () - (b + apzy + - + aray)
i=1
Y= "R
Z (MAil ($1) AN N A,, (.’lﬁr))
i=1
2
> pag, () - (b + anx)
=1
- 2
Z:l KA (:E)
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Define ¢; :
¢_ o :LLAn(xl)/\"'/\:u‘Aq‘,r(xT)
i T Thg
Z (ﬂAm(xl) ARERNAN :L"Akr(xr))
_ /-‘Au(x)
)
Z HAM(JT)
k=1
then
nR
y= Z¢i ~(bi +anx + -+ airxy)
=1
2
=1
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We obtain the consequence parameters b;, a;1, ...

using least squares estimation:

T
Y =[y1, -, ¥d]

17

s Qiry Z:17"' s MR,

T
0= [bla"' 7bnRaa11>"' yAnply Qlpy aanRr]
<2511 P21+ ¢nR1 m11¢11 cempPrr - mr1¢11 o 'm7-1¢nR1
¢12 ¢22 T ¢nR2 m12¢12 co m12¢22 T mr2¢>12 o 'mr2¢nR2
D1d P2d  Pngd MiaPid - M1dP2d - MrdP1d - MrdPrgd
where
bii = P (T1g) A A pa, (@)
ij
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Then the parameter vector @ is calculated as

6= [X"X]'X"Y .

12}
10;

SO N M O ©
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2.2. Example: Forecasting, Multidimensional Antecedent Set

Chaotic Mackey-Glass time-series :
dz(t) 02 -2(t—71)

dt 1429t —7) "

0 100 200 380 400 500 600
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In forecasting, pa,(x) = Bi(x) is calculated directly. Since we
consider only subspace X of X x Y,

A§j> - (|F(i)‘)1/r . (F(i))—l '

Similar, let c,(f ) denote the projection of cluster prototype ¢, onto

X such that

d2A,(j> (x, c,(f)) = (c,(f) — mj)

Probabilistic Method:

TA,(f) (cﬁf) — mj) .
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1 1.2 1 1.2
y(k-25) y(k-25)

Figure 1: Result of fuzzy-c-means (left) and GK-clustering (right).
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100 200 ﬁOO 400

Figure 2: Fuzzy-c-means: probabilistic method (left) vs. possibilistic
method (right).
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0 100 200 ﬁOO 400 500

Figure 3: GK-algorithm: probabilistic method (left) vs. possibilistic
method (right).
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3. Discussion and Summary

U
U

Fuzzy systems are nonlinear, universal approximator.

Antecedent fuzzy sets partition the input space, while each rule
defines a linear (sub)model in the consequent part of the if-then
rules (facilitating least-squares estimation).

Interpretability?
Structure selection?

GK-algorithm more accurate but computationally more inten-
sive than FCM.
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