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Learning Objectives

O

O

A more general concept to represent data sampled from a system
is that of a data space.

System properties and behaviour are reflected by clusters of data.

Clusters may be interpreted as linear submodels of an overall non-
linear system.

Clusters may also be interpreted as if-then rules relating properties
of the variables that form the data space.

Fuzzy clustering provides least-squares solutions to the identify
clusters, to partition the data space into clusters or classes.

Fuzzy boundaries between clusters are differentiable functions and
hence are computationally attractive.

For many real-world problems a fuzzy partitioning of the underly-
ing space is more realistic than ‘hard clustering’.
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Section 1: Pattern Recognition 5

1. Pattern Recognition

>

The objective of cluster analysis is the classification of objects
according to similarities among them.

Agglomerative Hierarchical Methods: New clusters are formed
by reallocating memberships of one point at a time. Results in
a nested sequence of partitions (dendrogram plot). Example:
Link algorithms.

Partitional Objective Function Clustering: Group data into clus-
ters such that the objects in one group are more similar to each
other than objects in other clusters.

Fuzzy clustering with quadratic objective functions leads to
least-squares optimisations.
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Section 1: Pattern Recognition
1.1. Hierarchical Clustering
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1.2. Overview: Applications

Fuzzy Clustering

Feature Analysis System Identification Classifier Design
Rule-Extraction Prediction & Control Classification
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1.3. From Time-Series to Pattern in Data Space

y(k)

time
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1.4. Data Space, Data Matrix

> Data space: = C R™
> Objects: o € =
> j=1,...,d measurements, observations, data objects
T
m; = [mlj, . ,mnj]

> n x d data matriz:

mi1p Mmi2 - Mid

M21 M2 -+ Magd
M=

mMn1 mnp2 e Mnd
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1.5. Example: NARX Model:
Second-order model structure :
y(k+1) = f(y(k), y(k — 1), u(k), u(k — 1))
Regressor vector :
x = [y(k), y(k = 1), uk), u(k = 1)
Data vectors
m; = [y(7). 40 — D uli) uli - D).y + 1]

with n = r + 1, forming the matrix :

y(2) w(3) y(d—1)
y(1)  y(2) y(d —2)
M= [u(2) u(3) u(d—1)
u(l)  wu(2) y(d —2)
y(3) y(4) y(d)
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2. Clustering

> Objective: Group objects m; into c clusters.

> Assume the clusters exist, let C = [c¢(M),...  c(?)] be a set of
prototypes or cluster centres :

d
D Ujj 1y
- j=1 .
W= 1=1,2,... ¢

d
> Ui
j=1

> u;; € U denotes the membership of m; in the ith cluster. U is
therefore called partition matriz.

[J A cluster can be seen as describing an equivalence class

[c(i)]E = {0 i 0EE, E(c(i),o) = 1} )
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Section 2: Clustering 12

2.1. Equivalence Relations

> An equivalence relation is reflezive, E(0,0) = 1, symmetric,
E(0,0') = 1 implies F(0’,0) = 1 and transitive, E(0,0’) = 1
and F(o’,0”) =1 implies E(0,0") = 1.

> If a cluster is described by an equivalence class
[c®], = {0 c0eg, Elc®, o) = 1} .
then the set of equivalence classes {[c(!)],} forms a partition.

> The set of equivalence classes is called a quotient set
=/B = {[c]5} .

O The map from Z onto Z/F, called natural map, defines a clas-
sifier.

v: 2 — E/E o — [d]g
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3. Hard-c-Means Clustering

> Let ¢ be the number of clusters, the hard partitioning space :

c d
My, = {U € Veq : ujj € {0,1},V(i,j); Zuij =1 0< Zui]' < d,Vi}

i=1 j=1

> Clustering criterion (objective function, cost function) :

c

Tne(M; U, C) ZZu” a4 (mj,c)

i=1 j=1
> Distance measure :

N\ - NE inT i
da (mj,c(l)) = Hmj —cl )HA = (m; — c! )) A(m; — c! ))
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Section 3: Hard-c-Means Clustering 14

3.1. Objective Function, Partition Space
> Start with an initial partition (randomly chosen).

> Minimise the ‘within-cluster-overall-variance’ :

(U,C) = arg min Jhe(M; U, C, A)

MpexRAXexVyg

[J Problem: Due to the discrete nature of u;;, the size of the par-
tition space is huge :

Myl = 5 [Z (f) 1 ,id]

i=1
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3.2. Hard-c-Means Algorithm
Repeat for [ =1,2,... :

Step 1: Calculate centres of clusters; c-mean vectors :
' d d
cl(l) = Zu%—*l) -m; |/ Zugéfl) , 1<i<ec.
j=1 j=1

Step 2: Update U®: Reallocate cluster memberships to min-
imise squared errors:

W = { 1 if d(my, cf") = mini << d(my, i)

I 0 otherwise.

Until [U® — UV <.
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4. Fuzzy Clustering
> Fuzzy partition space (cf. Mp.)

MfC{UEVCCl: ui; € [0,1],Y(4, 5); Zuwfl 0<Zu”<de}

> Fuzzy objective function .. is a least-squares functional :
Jre(M; U, C) ZZ (i)™ ( c(i))
=1 j=1
> Weighting factor w € [1,00).

e w — 1 : hard, crisp clustering.
o w—o00: u; — 1/c

e Typical values: 1.25 and 2.
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4.1. Fuzzy-c-Means Algorithm

Preparations:
1. Fixe,2<e<d
2. Choose any inner product norm metric for R™.

3. Choose the termination tolerance § > 0, e.g between 0.01 and
0.001.

4. Fix w, 1 <w < o0, e.g 2.

5. Initialise U©® € M., (e.g randomly).
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Repeat for [ =1,2,... :
1. Step 1: Compute cluster prototypes:
d w
-1
> (“Eg )) my;

W ==L 1<i:<ec.

l d w ’ - =
> (u™")

j=1

2. Step 2: Compute distances:
For all clusters 1 <1i <e¢,

For all data objects 1 < j <d,

da (mj,cl(i)> = (cl(i) — mj>TA<cl(i) — mj) .
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Section 4: Fuzzy Clustering 19
1. Step 3: Update the partition matrix:

If da (mj,cl“)) S0forl<i<e 1<j<d,

W _ 1

7 c

; 1/(w—1)
kzl (d% (my, ¢@)/d3 (my, c®))

otherwise

ug) =0if da (mj,cl(i)> >0, and ug) € [0,1] with Zug) =1.
i=1

Until [U® — UV <.
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5. Example: Butterfly Data Set

The data set M consists of 15 points in the plane :

[ T T [ 2 [ 3 [ 45 [ 6 [ 7 [ 5 |

[m; [ (00 02 |04 [EH[E2 A3 [ E2 [ GE2]

[4 [ 9 [ 10 [ 11 12 ] 13 14 15 ] \

[m; [ [GD [ G2 [ G3)[60)] 62 [ 6D ] |
(0,4) (6,4)

° ° e

(1,3) (5,3) :

) ) ‘e :

(0,2) (1,2) (2,2) (3,2) (4,2) (5,2) (6,2)

e e o o o o o o eo.

(1,1) (5,1) :

° ° .®

(0,0) (6,0) . :

° ° N

Figure 1: The butterfly data set and hard-c-means result.

<4< | d 2

Back

View

20



Section 5: Example: Butterfly Data Set 21
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Figure 2: Fuzzy c-means clustering of the butterfly data set. w = 1.25
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Figure 3: Fuzzy c-means clustering of the butterfly data set. w = 2
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Figure 4: FCM: w = 1.25 (left), w = 2 (right). Result after 7 iterations.
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6. Gustafson-Kessel Clustering

[ Problem: Fuzzy-c-means searches for spherical clusters.

> Each cluster is characterised by its centre and covariance matrix :

2 (u57)" (m; — ) (m; — )"

@ —

d
; (UH)

> Let \;, denote the k™ eigenvalue of F® and ®;; the kth unit
eigenvector of F(!) and have the eigenvalues arranged in decreas-
ing order, A\j1 > Aig > -+ 2> Aipp.

> Then the eigenvectors ®;; to ®;(,_1) span the i*™® cluster’s linear
subspace and the nth eigenvector ®;,, is the normal to this linear
subspace.
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Section 6: Gustafson-Kessel Clustering 27

6.1. Covariance Matrix

For the Gustafson-Kessel algorithm, each cluster has its own norm-
inducing matrix A®) :

dQA(i) = (cgi) — mj)TA(i) (cl(i) — mj) .

Where

-1

A(i) - (|F(i)‘)1/(r+1) ) (F(i))
and
d , o
> (u)" (my — c)(m; — )
F(Z) — j=1

d
> (ugg)”

j=1
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6.2. Example: Nonlinear First-Order AR Process
Nonlinear AR(1) process :

2% —2, 0.5<u,
v(k+1) = f(z(k)) +e(k), f(z) =] —2a, —-05<x<05
20 +2, < -0.5

where e(k) ~ N(0,0?%) with 0 = 0.3. z(0) = 0.1.

Model structure :

a(k+1) = f(z(k),z(k = 1),... ,x(k —r+1)),
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U kP O O g R~ o

Nonlinear AR(1) process

100 data for identification

g
.5
.
1 .
gos .
0
K3
-0.5
-1,
.5
50 100 150 200 -1.5 1.5
k<101 used for identification.
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6.3. The Algorithm

Preparations:
0 Fixe, 2<c<d
[ Choose termination criteria § > 0.
U Fixw, 1 <w<oo0,eg?2.

[ Initialise U©® € M., (e.g randomly).
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Section 6: Gustafson-Kessel Clustering 32
Repeat for [ =1,2,... :
1. Step 1: Compute cluster prototypes (means) :

Z < (; 1)) m;

o _ 9=

Y

j=1

2. Step 2: Compute the cluster covariance matrices :
5 () (m; ) amy —el?)
i( (l 1))“’

J

FO -7
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Section 6: Gustafson-Kessel Clustering 33

3. Step 3: Compute distances for 1 <i<cand1<j<d:

o (4m) = (47— m) 20177 2] (6 - m)

4. Step 4: Update partition matrix :
Ifdepoy >0for 1 <i<ec 1<j<d,

W _ 1
Uij e /(w—1)
> (dpo /dp)

k=1

otherwise

(l) =0 if dpw) (c(]) mj) > 0, and u(l) [0, 1] with Zul) =1.

Until [|[UY - U <.
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