Reduction of nonlinear dynamic systems with an
application to signal transduction pathways
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Abstract: Mathematical modelling of kinetic processes with different time scales allows a
reduction of the governing equations using quasi-steady-state approximations (QSSA). A QSSA
theorem is applied to a mathematical model of the influence that Raf kinase inhibitor protein
(RKIP) has on the ERK signalling pathway. On the basis of previously published parameter
values, the system of 11 ordinary differential equations is rewritten in a form suitable for model
reduction. In accordance with the terminology of the QSSA theorem, it is established that four
of the protein and protein-complex concentrations are ‘fast varying’, such that the corresponding
kinetic equations form an attached system. Another concentration is ‘medium varying’ such that
the corresponding equation is reduced with respect to the four fast ones. The other six concen-
trations are ‘slow varying’, which means the corresponding kinetic equations also present a
reduced system with respect to the others. Analytical solutions, relating the steady-state values
of the fast varying protein concentrations and the slow varying ones, are derived and interpreted
as restrictions on the regulatory role of RKIP on ERK-pathway.

1 Introduction

In this paper, the term quasi-steady-state approximation
(QSSA) is used in a sense explained in the work
of Schneider and Wilhelm [1]. Model reduction based
on this approximation has found various applications in
systems biology, including studies related to cell
proliferation, differentiation and the cell cycle [2]. In cell
signalling, a pathway is understood as a network of recur-
rent biochemical reactions, partly connected by feedback
loops. The present paper considers a previously published
model for the interaction between Raf kinase inhibitor
protein (RKIP) and the Ras/Raf/MEK/ERK pathway.
The ubiquitously expressed Ras/Raf/MEK/ERK pathway
controls fundamental processes and is often deregulated in
human cancer [3]. In the work of Cho et al. [4], the RKIP
influence is investigated through mathematical modelling
and numerical simulation. A dynamical system of 11 non-
linear ordinary differential equations is used to represent
biochemical reactions in the pathway. The proposed
model allows the simulation of the sensitivity of the ERK
pathway to variations in various parameters. A conclusion
from that study was that RKIP modulates the final extent
and duration of ERK activity. Of further interest is a poss-
ible restriction of this modulation dependent on initial con-
ditions. Towards this end, we consider here a QSSA of the
Ras/Raf/MEK/ERK pathway. We arrive at a reduction of
the nonlinear dynamic system introduced in the work of
Cho et al. [4] and derive analytical expressions to relate
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the initial values of slow varying concentrations and
steady-state values of fast varying ones.

A classical example of dimensionality reduction for non-
linear dynamic systems is the application to Michaelis—
Menten type enzyme kinetics [5]. Examples of reversible
enzyme catalytic reactions that are well described by revers-
ible kinetic scheme can be found in the literature [6—8].
A recent contribution to the reversible case is presented in
the work of Tzafriri and Edelman [9], where a QSSA for
the reversible Michaelis—Menten equation is derived and
its validity domain is delineated. Other publications,
directly related to the reduction of pathway models,
include the work of Millat et al. [10], Kholodenko ef al.
[11] and Kruger and Heinrich [12].

The present work presents a more general approach to a
QSSA, based on corresponding theorem proved in the
work of Tichonov [13]. Our aim is to demonstrate the appli-
cation of the method in this new form to cell signalling path-
ways. In view of the fact that the model equations of the
Ras/Raf/MEK/ERK pathway are rather typical for
MAPK cascades, other applications of the results presented
here can be foreseen. Some initial ideas of the present paper
were introduced in the work of Fall ef al. [14] and Petrov
et al. [15]. In the following section, we introduce basic
ideas of the QSSA approach.

2 QSSA theorem

Mathematical modelling of enzyme kinetics with different
time scales leads, in general, to a dynamical system of the
following form

e =76 5) (1)
&
o = &8xy) @

where X € R”, y €ER", 0 < e <« 1. Sensitivity analysis
provides a powerful tool to obtain mathematical models of
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enzyme kinetics in the form (1) and (2) [4, 15]. In the work of
Cho et al. [4], the analysis of the system is used to determine
which variables (¥ in (1) and (2)) have the largest contri-
bution to the signalling pathway. In the work of Petrov
et al. [15], the QSSA theorem is applied and the parameter
€ with a vanishing small value is introduced to rewrite the
equation as a dynamical system of type (1) and (2). As it
will be demonstrated below, if a system of type (1) and (2)
can be obtained in a dimensional form, then the QSSA
theorem does not require any non-dimensionalisation of the
differential equations as it was required in the work of
Petrov et al. [15]

In order to compare QSSA time-scale analysis with the
QSSA theorem and further develop it, we summarise it
here. In the work of Fall et al. [14], the following five
steps of a QSSA were given:

a. Analyse the parameters of the model to assess whether
there are time scales that can be separated into ‘fast’ and
‘slow’.

b. Define time constants for each time domain whose ratios
define a small parameter &.

c. Select appropriate parameters in the model to non-
dimensionalise the dependent variables.

d. Non-dimensionalise the differential equations in each
time domain and see which terms can be neglected as
g — 0.

e. Analyse the simplified equations, which represent the
behaviour of the variables on the two scales.

Many problems of a mathematical nature could arise by
following the procedure (a—e) in the context of complex
systems. Some of which are considered in the work of
Schneider and Wilhelm [1]. There, the work of Tichonov
[13] is cited in connection with the necessity to define the
very notion of QSSA. In the work of Kholodenko et al.
[11], a more specific approach of a QSSA is applied. It con-
siders equations for fast variables X, contributing little to the
dynamics of system of type (1) and (2). Yet they do interfere
with the calculation of the system’s behaviour in terms of a
numerical integration of the equations. Kholodenko et al.
[11] present a way to solve this problem systematically
for systems with time hierarchies. They identify the fast
equations and fast variables, group them apart from the
other (‘slow’) equations and variables, and then apply the
appropriate QSSA to the fast subsystem. This then makes
it possible to eliminate the fast equations. The analysis is
suggested to be particularly applicable to biochemical reac-
tion networks in biological cells, where a time hierarchy
exists, the fastest being at the level of enzyme kinetics
and the slowest at gene expression.

The present paper further investigates the QSSA
approach considered in the work of Petrov ef al. [15] and
Kholodenko ef al. [11]. On the other hand, we show that
the QSSA theorem proved in the work of Tichonov [13]
is not only very original and consistent from the pure math-
ematical point of view, but also effective in a computational
sense, independently of the widespread time-scale pro-
cedure described above.

The QSSA theorem [13, 14] claims that the solution of
the complete system (1) and (2) tends to the solution of
the reduced system (2) at € — 0, if the following con-
ditions are satisfied:

a. There is an isolated equilibrium (steady state) solution of
the attached system (1) (i.e. there is not other solution in its
neighbourhood).
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b. The existing equilibrium solution of the attached system
is stable for every value of the slow variables 7.

c. The initial conditions (states) lie in a region of influence
(a basin) of the equilibrium solution of the attached system.
d. The solution of the complete system is single-valued and
its right-hand sides are continuous.

It therefore follows that in every concrete case we can
find the equilibrium solution of the attached system and to
replace it in the reduced one. Moreover, we should demon-
strate that all requirements of the formulated theorem are
satisfied.

Considering the simplest example of two differential
equations (m =1, n=1) or X = x, y = y, the system (1)
and (2) takes the form

dx

o =/(x.) G)
d
3 =) @

The essence of the QSSA theorem claims that the character
of the solution of (3) and (4) does not change when the small
parameter & converges to zero. Thus, we can assume € = 0
in (3) and instead of differential equations obtain algebraic
ones for the steady-state value of fast variable x

0=sCy) ®)
dy
& =g ©

From (5), the fast variable x can be expressed as a function
of y, that is, x = ¢(y) and substituted in (6). As a result, (6)
becomes

Y elot). ] ™)
t

In this way, the complete system of two equations (3) and
(4) is reduced to the reduced system of one equation (7).
Moreover, the stationary values of the fast variable x
depend only on the current values of the slow variable y,
but not on final stationary values. In this sense, the variable
v plays role of a driver of the subordinated variable x.

The number of initial conditions of the reduced system
(5) and (6) is smaller than that of the complete system (3)
and (4). The initial condition of (3) is not used in (5) and
(6). In accordance with the QSSA theorem, when the
stationary solution of the attached system is isolated and
stable, then the solution of the reduced system depends
only on the initial values of the slow variables. Therefore,
the presence of a small parameter is a necessary condition
for dimensionality reduction of the complete system. The
appropriate example for the introduction of a similar pro-
cedure for enzyme kinetic reactions is given in the work
of Romanovskii et al. [16]. This leads to normalisation (or
scaling) of the terms in the right-hand sides of the system
equations. In this way, only € is considered as a dimension-
less parameter. We draw attention also to the fact that € has
no physical meaning (as for example concentration ratios of
conserved quantities, conservation sums, steady-state
values and so on, may have).

3 Dynamical model of the ERK signalling
pathway regulated by RKIP

In this section, we introduce briefly the Ras/Raf/MEK/
ERK signalling pathway. In view of the fact that it
controls so important processes as cell differentiation and
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proliferation, understanding the reaction mechanism of this
module of cell signalling is of main scientific interest.
Experimental investigations have described the role that
RKIP plays on the behaviour of this pathway [3]. One
hypothesis is that it inhibits activation of Raf and thus
‘downregulates’ the ERK pathway. This is based on evi-
dence that RKIP inhibits the malignant transformation by
Ras and Raf oncogenes in cell cultures and it is reduced
in tumours. The graphical representation of the influence
of RKIP on the ERK signalling pathway is shown in Fig. 1.

In fact, Fig. 1 illustrates only a part of the ERK pathway,
that is, it considers the subset of the ERK pathway regulated
by RKIP. It is constructed on the basis of enzyme kinetics
reactions. Here, each node of the scheme is labelled and
the corresponding protein is denoted. For example,
Raf-1*/ and RKIP are proteins, but Raf-1*/RKIP is a
complex built-up from the first two. The suffix -P and -PP
denote phosphorylated and double phosphorylated proteins,
respectively, say RKIP-P or ERK-PP. The concentration of
each signalling component is denoted by m; i =1, 2, ...,
11). Moreover, the forward and backward reactions are
expressed by bi-directional and uni-directional arrows
denote only dissociations. In addition, each reaction has a
rate denoted by the rate constants k; i =1, 2, ..., 11). In
the work of Cho et al. [4], this biochemical diagram is
represented mathematically by the following system of non-
linear differential equations

% = —kym;m, + kymy + ksm,

% = —kymymy + kyms + kyymy,

% = kymymy, — kyms — ksmymg + kym,
% = kymymg — kymy — ksm,

% = ksmy — kgmsm; + kymg

% = ksmy — komgmy + kygm,;

MEK-PP

dm
d—t7 = —kgmsmy + kymg + kgmg
d
% = k6m5m7 — k7m8 — k8m8
dm
dm
?10 = —komgmy + kjgmyy + kyymyy
dm
?“ = komemyg — kygmyy — kyymy,
(3)
Here, m; (i =1, 2, ..., 11) are state variables representing

concentrations of the proteins Raf-1*, RKIP, Raf-1* /RKIP,
Raf-1*/RKIP/ERK-PP, ERK-P, RKIP-P, MEK-PP,
MEK-PP/ERK, ERK-PP, RP and RKIP-P/RP respectively,
and k&, (i=1, 2, ..., 11) are corresponding model
coefficients (rate constants). In the work of Cho et al. [4],
the numerical values of these coefficients are determined
by parameter estimation (Table 1).

Moreover, in the same work of Cho et al. [4], time course
data for parameter estimation are presented. From the work
of Cho et al. [4] we select the values (¢ = 0.01); (e° = 1);
1/e =100; to be characteristic dimensionless values of
state variables (m,, msz, ms, mg); (m11); (my, my, my, mg,
mg, myg); respectively. This assumption is well grounded
by the sequence of variable values, shown in Table 2.

The parameters and concentration values, shown in
Table 1 and Table 2, respectively, are given here without
units in view of the fact that we do not intend to compare
them. What is of interest for us is not to compare parameters
(some of them having different units) nor concentrations,
but the terms in (8). In accordance with the scaling pro-
cedure, each term in the right-hand side of the system
equations must have an order of one. Towards this end,
we introduce scaling substitutions for the model variables
as well as the model coefficients. The first ones are
presented in Table 3.

RKIP-P

Fig. 1 Graphical representation of the ERK signalling pathway regulated by RKIP

Table 1: Summary of parameter values

Parameter kq k> k3 ks
Estimated value 0.53 0.072 0.625 0.00245

0.0315 0.8

ke ks kg kg k1o ka1
0.0075 0.071 0.92 0.00122 0.87
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Table 2: Stationary values of state variables

State variable ms my ms my ms mg my mg mg Mo myq

Stationary value  66.7136  0.0501 0.0176 59.5687 0.0417 0.0152 63.5463 27.9537 173.5358 161.0518  2.1481

Table 3: Substitutions for state variable of the system (8)

State variable my my ms my ms mg my mg mg Mo myq

Scaling form ci/e £Cy £C3 Cy/e &Cs &Cg cr/e cg/e Cy/e Cro/€ C11
Here, the new variables ¢; (i=1, 2, ..., 11) are not and (15)—(18). The QSSA theorem can be applied separ-

dimensionless. Nevertheless they have an order of one
(i.e. they change in the interval between 0.1 and 10). The
same approach is applied for scaling the model coefficients.
The corresponding parameter substitutions are presented in
Table 4.

Here, the new coefficients ¢; i = 1, 2, ..., 11) have also
order of 1 conserving their physical dimensionality.

After replacing the variable and parameter transformation
(given in Tables 3 and 4) in (8), we obtain the following
system

ldcl 2
il RSN 9
e dr ayci¢y + € aycs +ascy ©)
d
sgz—alclcz—i-szaz@ + a4 (10)
d
8% = a,c,¢y — £2ay¢3 — aycce + aycy (11)
1dc,
4 —aye, — 12
e dr 3630 T Al T dsGy (12)
d
sg = asc, — agCsCy + ascyg (13)
d
8% = a5y — AygCeCig + €100y (14)
1 dc;
i/ RN 15
e dr a6CsC7 +a7Cg +agCy (15)
1 deg
-8 - - 16
e dr  l6€sCr T drCy T dgCy (16)
1 dey
bt A 17
e dr a3C3Cq + auCy + agcy 17)
1dc
= _ 18
e dr A9CeCio T &a19C1y +ayCyy (13)
d
;;1 = A9gCeCio — Ea19C1 — d11Cn (19)

The presence of a small parameter € in every term of this
system determines its order. This means in accordance
with the terminology of the QSSA theorem that the four
equations (10), (11), (13) and (14) form an attached
system, and the other seven form a reduced one. The set
of both systems is referred to as the complete system.
Moreover, (19) forms a medium varying system, in view

ately to every two groups of equations mentioned. It is
worthy to note that the presence of epsilon and epsilon
squared terms in the right-hand sides of (14), (18), (19)
and (9)—(11), respectively, does not influence on the order
of corresponding derivatives in the left-hand sides. This is
in view of the circumstance that they can be just neglected
in comparison of the other terms in the right-hand sides,
when estimating the order of derivatives. These consider-
ations are essential for an understanding and application
of the QSSA theorem.

Next, we investigate some properties of the attached,
medium varying, reduced and complete systems following
from the QSSA theorem.

4 Applying QSSA theorem to the scaled system

Consider the attached system of equations (10), (11), (13),
(14) under condition that only the variables ¢, c3, ¢s, ¢q
are unknown functions of time. The system has a stationary
(steady state) solution in the form

2
g ay(aycy +ay ¢yy)

a;c
ng 11%11 (20)
a,¢y a1a3C1Cy
asc, +apc
cg _ %44y 1111 Q1)
a3Cq
asc, + a-c
C(s) _ 95% 7€8 22)
asCq
0 QsC4 + €apyC
= 5€4 10€11 (23)

a9Cyg

where ¢y, ¢4, ¢7, Cg, C9, cio and c;; are slow variables
leading the quasi-stationary (subordinated) variables c;,
c3, ¢s and ¢g. Certainly the terms in (20) and (23) containing
& and &, respectively, can be neglected.

In order to analyse the stability of the steady state (20)—
(23), we introduce the substitutions

c2=cg+x c3=c(3)+y cS:cg—i—z c6=c2+u
(24)

in the attached system of equations (10), (11), (13) and (14).
As a result we obtain the variation equations

of the fact that it is reduced with respect to (10), (11), d_x _ —ﬂc X+ eayy (25)
(13) and (14), but an attached one with respect to (9), (12) dt g !

Table 4: Substitutions for the coefficients of the system (8)

Parameter k1 k2 k3 k4 k5 ke k7 ks kg k1 0 k1 1
Scaling form a gdas as €day Eds ds eay Edg dg gao an
IET Syst. Biol., Vol. 1, No. 1, January 2007 5



dy aq a

prialat (8a2 + ;cg)y (26)
dz a

P —;6072 (27)
du a

The variations z and u evidently tend asymptotically to zero.
The variations x and y demonstrate the same behaviour in
view of the fact that the corresponding Routh—Hurwitz
coefficients [15] are positive

ajasc e
q= 1319>0

ac a,C
p=L+sa2+ﬁ>O 3
€ & €

Thus the steady state (20)—(23) is stable, which allows us to
apply the QSSA theorem.

In accordance with the theorem, we replace the formulas
(20)—(23) in the reduced system (9), (12) and (15)—(19). As
a result, the following linear system of seven equations is
obtained

de

d_tl = 845C4 — 841, Cpy (29)
de

d7t4 = &ap ) — 8dsly (30)
de

d—; = —e&ascy + gagcy (31)
de

d_t8 = gascy — £agCy (32)
de

d_t9 = 8dgCg — &ay €y (33)
d
—lo —&ascy teaycy (34)
dt
de
d—;lzasfh_ancu 35)

Equation (35) can be considered in two ways: (i) as an
attached system with respect to the reduced system (29)—
(35); (ii) a reduced system with respect to the attached
system (10), (11), (13) and (14). In this sense, (35) presents
a medium varying system. Together with (30) it forms a
two-dimensional linear dynamical system, which is inde-
pendent from the other variables (concentrations) of the
Ras/Raf/MEK/ERK signalling pathway. It is of interest
to concretise the type of dynamical behaviour realised by
both systems (30) and (35) for the actual (positive) values
of the coefficients. For this purpose, we should calculate
again the coefficients of the Routh—Hurwitz conditions

p=a,,+eas >0 g=easa; —easa;; =0

The driver is neither a ‘amplifier’ nor a ‘damper’. But for
small fluctuations of the biochemical reaction rates of the
pathway, its behaviour could change from stable towards
unstable and vice versa. As a result, the behaviour of the
whole pathway could change dramatically [15].

Further, we replace the substitutions from Tables 3 and 4
in (29)—(35) taking into account that the steady-state value
&Y, = mY| can be substituted in (29), (30), (33) and (34). As

6

a result the reduced system assumes the form

dm

d_tl = ksmy — kllm(l)l (36)
dm

d7t4 = kllm(l)l — ksmy (37)
d

% = —kgmy + kgmg (38)
dm

d

% = kgmg — kllm(l)l (40)
dm
TIOZ —ksmy + kyym), (41)
dm
7“ = ksmy — kyymy, (42)

Equation (42) can be solved analytically under the condition
that the slow variable m,4 is considered as a constant.
Analytical solutions can also be obtained for the differential
equations of the reduced system (36)—(41).

5 Analytical derivation of the reduced
system solution

Here, we demonstrate how the dynamical driver properties
can be treated in a more concrete manner under the QSSA.

From the ‘medium varying’ equation (42) of the driver, it
follows that the steady-state value of my; is determined by
the formula

0 _k5m4
my = k
11

(43)

where the second driver variable my is considered as a con-
stant in view of the quasi-state-approximation (i.e. the
QSSA theorem holds). By replacing (43) in equations (36)
and (37), it is easy to obtain that

m,(t) = const. = m, (44)
my(t) = const. = mi), (45)

where m} and my are initial values of m; and my, respect-
ively. Then we can substitute (45) in (43) and the obtained
result, together with (45), can be replaced in (38)—(42). As a
result the following equations are valid

d .
M — kemil, + kgm (46)
5174 878
dr
dm ;
d—tg = kgmly — kgmyg (47)
dm A
—2 = —kgmly + kgmg (48)
d
d A :
% = —ksmil, + ksm', = 0 (49)
dm ;
T“ = ksmy — kyymy, (50)

From equation (49), it follows that

mo(t) = const. = mﬁo (51)
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where m’, is an initial value of the concentration .
The solution of (47) is

kesm, - s
my() = =24+ (m’g - %) exp(—k)  (52)
8
Here mj is initial value of the concentration mg. After
replacing this solution in (46) and (48), and following
integration, the following equations for m(¢) and mo(t)
are obtained

) C kent
mo(t) = nty + (mg - 5k—”’4)(1 — exp(—kgn)  (53)
8
i i kSmZ
mo(t) = my+ m == ) (1 = exp(—kgt)  (54)
8
where m} and m) are initial values of the concentrations

m, and mo, respectively. The analytical solution of the
medium equation (50) is

kg, . kg
my(t) = =+ <m11 - ﬁ) exp(—ki?) (55)

From equations (43)—(54), the following relationships
between initial and steady-state values of the concentrations
my, my, My, mg, Ng, Ny and my; can be derived

: ksm
) = =y = iy - — S
kg
i i
o ksmy 0 i i ksmy
m8: 9_m9+ 8 — (56)
k k
8 8
. keemi!
o 0 54
Mmyy = myy My = k
11

where the steady-state (stationary) values are denoted by
zero upper indexes. It is seen that my is involved in the
formulas for m9, m2, my and m?,. The other two steady
state concentrations m} and m?, are determined by their
own initial values, which do not influence on the other
stationary concentrations. Therefore, variable m, plays the
role of a driver with respect to the stationary concentrations
m3, m3, my and m?,. The last values, however, take a role in
the formulas for the steady-state values of the fast varying
concentrations m,, mz, ms and mg. The corresponding for-
mulas are easy to obtain from (20)—(23) by substituting
there the corresponding relations from Tables 3 and 4.
They are

0
o kymy, o kymy +kyymy,
1M 31y
kem® + kom? kem)
0 _ K5y + Kymg 0 _ Ksmy 57)
ms = k 0 mg _k 0 (
617 9Mig

In view of the fact that formulas (56) express the stationary
values, involved in the right-hand sides of (57), by the initial
values of m,, my, my, mg, mg, mjo and m;,, we can assert
that mj is a driver of the whole pathway steady state
excepting m; and m;o, which are always equal to their
initial values. That means, by changing mj we can essen-
tially control (at least theoretically) the steady state of the
quasi-stationary pathway in terms of input (initial values)
and output (stationary values) relationships. The corre-
sponding formulas relating the steady-state values of fast
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variables and the initial values of slow variables have the
form

0_ ks 0 _ (ky + ks)m,
"= kym} = k(i + my — ksmiy /kg)
‘ , (58)
0_ ks (kg + kq)my o ksmy
ms = i i ; me = i
keks(m3 + my — ksmy /kg) kom,

Namely, these relationships can be considered as abstract
restrictions on the choice of initial concentration values of
the fast varying concentrations of proteins and protein-
complexes in the considered pathway. If they are near the
corresponding steady-state values presented by (58), then
the QSSA holds and RKIP (m,) does not modulate the
final extent and duration of ERK (ms) activity, but on the
contrary the very RKIP and ERK concentrations are deter-
mined by the initial values of the slow varying concen-
trations (my, my, my, mg, mg and myy). Equation (58) can
be verified experimentally. In the last case, these relation-
ships could be practically considered as restrictions on the
regulatory role of RKIP on ERK pathway activity.

6 Computer realization of the complete and
reduced system behaviours

In Fig. 2, the solution of fast varying components of the
complete system (8) in time interval [0, 20] are shown at
initial values of the concentrations

m; = 6795 m, =0.372 my;=0.091

my = 5825 ms=0.088 mgz=0.228

m; = 66.33 mg=2517 my =176.41

my, = 160.95 m;, =2.244

(59)

It is obvious, that the fast variables m,, ms, ms and mg are
indeed decaying rapidly to a very low and thereafter are
essentially no longer varying over time. On the contrary,
the slow variables m;, my, ms, mg, my, mg, mg and mg
are converging to some steady-state values essentially
different from zero, as shown in Fig. 3 (the slow varying
concentrations are considered over a longer time interval
than that of the fast variables). Moreover, the same figure
shows that two of the variables (m; and m;) are very
similar. This fact allows us to understand a detail illustrated
in Fig. 4, where the graphs of the six slow variables of both
complete and reduced systems are plotted. Here, the four

025
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Fig. 2 Fast variables behaviour of the complete system
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Fig. 3 Slow variables behaviour of the complete system

graphs of the mentioned variables m; and m; (plotted by
solid lines for the complete system, and dotted for the
reduced one) almost coincide each other. Every two
graphs (for complete and reduced system) for the other vari-
ables are very near too.

In Fig. 5, the graphs of all components of the solutions
of complete system, for the initial values taken from a
previous paper [4], are plotted in a ten times shorter inter-
val [0, 2]. There, the steady-state values of the fast vari-
ables are very small and thus placed very near
(invisible) to the axis of the coordinate system. The
medium variable is a bit of higher and the slow varying
ones are essentially higher. What is of interest here is
the fact that the initial behaviour of the other variables
is not under the influence of the initial value of my in
the complete system. On the contrary, my is essentially
influenced by the RKIP initial concentration (m,) as it is
noted in the work of Cho ef al. [4]. This is a paradoxical
result in view of the fact that in the previous section we
made a conclusion for predominant influence of the
initial m, on all other steady-state concentrations of
the pathway except m{ and mJ,. These results, however,
allow us to draw the main inference that the later
quasi-steady-state behaviour (determined by the reduced
system) is essentially different from the initial one,
demonstrated by the complete system far away from the
stationary state. Therefore we can suppose that although
the influence of RKIP on the ERK pathway is a

i=10 '

M
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Fig. 4 Coincidence of the graphs of complete and reduced
system variables
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Fig.5 Graphs of all components of the complete system solution

characteristic feature only for the complete system, the
reduced system has also an inherent property, expressing
the Raf-1*/RKIP/ERK-PP influence on the quasi-steady-
state behaviour of the pathway.

7 Conclusions

The main conclusion from the considerations made in this
paper is that besides the influence of RKIP on the ERK sig-
nalling pathway, an influence of the post-initial value of the
Raf-1* /RKIP/ERK-PP protein complex, denoted as iy,
becomes an important factor when the system approaches
its quasi-stationary state. The term post-initial is in sense
of the above considerations of initial and later intervals of
validity of the complete and reduced systems, respectively.
Certainly, the complete system (8) holds any time, but the
reduced system reveals a new property of the pathway
near its steady state. It consists in the conclusion that the
obtained relationships for the steady-state values of the
fast variables can be considered as restrictions on concen-
trations of the considered pathway. The biological import-
ance of this issue is that RKIP possibly plays a regulatory
role of the ERK pathway only far away from the steady
state of the pathway.

In a more general sense, it is also shown, that the con-
siderations of time hierarchy in biochemical reactions
allow us to reduce the number of differential equations of
the Ras/Raf/MEK/ERK signalling pathway model, and
to determine the driving reactions of the quasi-stationary
transduction dynamics. For this purpose, the QSSA
theorem for the quasi-stationary approximation (the
expression of the equilibrium values of fast varying vari-
ables by the slow varying ones) is applied. As a result, the
two-component reaction between Raf-1/RKIP/ERK-PP
and RKIP-P/RP protein complexes is identified to be a
driver of the dynamical behaviour of the signalling
pathway, but in post-initial (or quasi-stationary) stage as
is was explained above.
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